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Abstract:

| apply a common factor approach to identifying substitution possibilities between input factors in a
factor demand system. Technological changes can lead to shifts in the relative use of input factors
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Sammendrag

Jeg bruker en felles faktor-tilneerming til & identifisere substitusjonsmuligheter mellom innsatsfaktorer
i et faktoretterspgrselssystem. Teknologiske endringer kan fare til endringer i den relative bruken av
innsatsfaktorer innenfor en naering. Teknologiske endringer kan ogsa veere felles for flere naeringer.
Huvis slike felles sjokk ikke blir tatt hensyn til, kan estimatene for substitusjonselastisiteten bli skjeve. |
denne artikkelen undersgker jeg viktigheten av a ta hensyn til teknologiske endringer ved a apne for
ulike typer felles faktorer, bade innen og mellom bransjer. Estimeringsresultatene viser at hvis
teknologiske endringer ikke blir tatt hensyn til pa en korrekt mate, finner vi upalitelige (negative)
estimater av substitusjonselastisiteten. Nar slike tekonologiske endringer tas hensyn til, finner jeg at de

estimerte substitusjonselastisitetene er positive i alle de ikke-offentlige neeringene i Fastlands-Norge.



1 Introduction

Specification of the production function is important when estimating the elasticity of substitu-
tion between input factors. Berndl (T976), applying a constant elasticity of scale (CES) function
with labour and capital as input factors, finds an elasticity close to unity for US aggregate
production when only allowing for Hicks-neutral technological changes. [AnfrEs (2004) shows
that the estimated elasticity of substitution decreases when allowing for biased technological
changes. However, AnfrEs (2004) only considers product functions where the technological
changes follow deterministic processes.

Diamond et all (T978) showed that joint identification of the elasticity of substitution and
factor-biased technological changes can be infeasible, also known as the impossible theorem.
One approach to circumventing this problem is to assume a certain functional form for the
growth rates of efficiency levels for the input factors, see, e.g., Klump ef-all (2012). Typically,
these efficiency levels are assumed to follow deterministic trends, see, e.g., the overview in
Ceon-Ledesma etal! (Z01T0). However, a steady trend might not reflect technological changes in
a good manner, since technological changes can follow a process with large and unpredictable
shifts.

Another approach to tackling the impossibility theorem of Diamond et all (T978) is to con-
sider a system with more than two input factors where the growth rates of the efficiency levels
are restricted to follow a reduced number of stochastic trends, as in Hungnes (2017). However,
Hungnes (2017) assumes that relative factor prices are given outside the model, so that they
are weakly exogenous. This implies that shifts in the use of input factors due to technological
changes will not lead to changes in the relative input prices. This is a necessary assumption in
Hungnes (Z0TT) in order to obtain unbiased estimates of the elasticity of substitution: if this as-
sumption does not hold, the estimates may be downward biased. To understand this, consider
a technological shift that increases the productivity of one input factor. More demand for this
input factor may lead to a higher price for the input factor. Hence, we will observe increased
use of an input factor with increased price.

In the present paper, I do not assume that the relative input prices are independent of the

technological changes. This is achieved by including common factors, which are allowed to be



correlated with other variables in the system.

Two approaches are common in the presence of unobserved common factors: the principal
component approach, see Coakley etall (2005) and Bai (2009); and the cross-sectional averages
approach presented in Pesaran (2006) and shown to also apply to non-stationary variables in
Kapetanios_et-all (201T). The principal component approach in Coakley etall (2005) assumes
that there is no correlation between the common factors and the other regressors, such as the
input prices. Bai (2009) suggests an extension with an iterative method and shows that the
corresponding estimator is consistent even if the common factors are correlated with the re-
gressors. The cross-sectional approach in Pesaran (P0006) implies a consistent estimator in the
presence of a correlation between the common factors and the regressors, without applying an
iterative method. Furthermore, Urbain and Westerlund (P0TT) show that the cross-sectional av-
erages approach generally performs better than the principal component approach. Here, due
to the simplicity of the approach in Pesaran (2006), I apply an extension of the cross-sectional
averages approach. The extension is due to the fact that I consider two cross-sectional dimen-
sions.

If one of the cross-sectional dimensions is small, the framework in Pesaran et all (2004) —
also denoted the GVAR (global model vector-autoregressive) model — can be applied. The
interdependence in the small cross-sectional dimension can then be taken into account directly
by analysing this cross-sectional dimension as a VAR model. The cross-sectional dependence
in the other dimension can be approximated by using cross-sectional averages across this di-
mension. However, since this approach involves estimating the full covariance structure of the
smallest dimension, it entails estimating many parameters if both cross-sectional dimensions
are large. Chudik-and Pesaran (2016) and Pesaran (2015) indicate that, when applying the
Global VAR, the smaller of the two cross-sectional dimensions is typically in the range of four
to six variables.

Within an industry, the common factors can capture processes such as factor neutral techno-
logical progress. Without the common factors, the technological progress will usually only be
explained by a deterministic trend. When common factors are included, they can pick up both
stationary and non-stationary processes, depending on the order of integration of the observ-

able variables included in the analysis. Combined with a deterministic trend, these common



factors can express the process of the technological progress better than the deterministic trend
alone. Similarly, common factors within an industry can capture factor-biased technological
changes that are only present in that industry.

Technological changes can also change the optimal composition of factor use in more than
one industry. For example, a technological change can lead to more use of some input factors
in most industries and reduced use of other input factors. Common factors that are composed
of averages over industries can capture such technological changes.

Controlling for technological changes both within and between industries, we can obtain
unbiased estimates of the substitution elasticity in each industry. The estimation results in this
paper show that, if technological changes are not controlled for, we estimate negative sub-
stitution elasticities in 3 out of 17 industries in Norway. The problem of estimating negative
substitution elasticities continues to exist when controlling for some, but not all, types of tech-
nological changes. However, when controlling for all types of technological changes, i.e. by
including common factors both within and between industries, we get positive estimates of
the substitution elasticities in all industries.

The rest of the paper is organised as follows. In Section P I present the theoretical model for
factor demand based on a constant elasticity of substitution production function, where some
parameters are time-dependent and represented by common factors. In Section 3, I present a
common factor model with two cross-sectional dimensions and demonstrate that they can be
approximated by cross-sectional averages in both of these dimensions. Section B presents a
Monte Carlo experiment to show the importance of taking into account the different types of
common factors. Section B suggests how to construct the proxies for the common factors in the
data set analysed here. Section B presents the estimation results for the elasticity of substitution

in 17 Norwegian industries with up to ten input factors in each industry. Section @ concludes.

2 Theory

The demand function is based on cost minimising given a constant elasticity of substitu-
tion (CES) product function. In industry i @ = 1,.. .,N%) the demand for input factor j

G=1,..., NByattimet (t =1,...,7T), Vijt, is a function of the relative factor price (P;j;/ Piat),



production in the industry (X;;) and some time-varying parameters (;;; and 6;;) explained be-
low:®

1 1
vijp = 0;In by — ;Git — 0 (pijt — piar) + — it )

i i
where lower case letters indicate that the variables are log-transformed. The formulation in
(M) implies the same elasticity of substitution between all input factors within each industry,
denoted ;.

In (@) d1, - - -, 6;n8; are time-varying distribution parameters for industry i, where §;; > 0
(Vi,j, t) and Z,I(\’jl dixe = 1 (Vi t). With a Cobb-Douglas technology, i.e. when o; = 1, these
time-varying distribution parameters express the optimal cost shares for the input factors. The
time-dependence of the J’s is interpreted as capturing factor-biased (or factor-augmenting)
technological changes.? The latent stochastic variable 6;; represents the factor-neutral technol-
ogy level. The parameter «; denotes the elasticity of scale in industry i.

In general, the expression of the weighted factor price, p;4;, is rather complicated. How-
ever, if ¢ = 1 (i.e. with a Cobb-Douglas production function), it is simply the weighted average
of the different input factors, where the weight is equal to the optimal cost share. In order to

calculate the weighted factor prices p;a;, I use
NB
piar = Y CPikts )
k=1

where (; is the weight of input factor k in industry i, where {;; > 0 (Vi,j) and 2]1:[:31 T =1
(Vi, t). The joint process of the factor-neutral technological level and the distribution parame-

ters follows a deterministic trend and some common factors:
U'ilnfsi't_leit = U+t + AL fi 3)
] K; i ij ijJ ij

where f;]kt is a vector of common factors and A;; is the corresponding vector of parameters. The
vector fi’]ft includes subscripts for both the industry i and the input factor j as the vector can

include both industry and input factor-specific common factors.

ISee Appendix A in Himngnes (201T) for how the factor demand function is derived.
2However, as also pointed out in Hungned (2011), the parameter instability may also be due to other reasons,
such as aggregation (over firms) effects.



3 Common factors

In this section I present a heterogeneous model with two cross-sectional dimensions and with
common factors. Capital letters are used to distinguish the variables in the current section

from the variables in the previous section.

izl,...,NA,
Yijs = 0¢§th+,5§sz‘#+51'th j=1,...,NB, (4)
t=1,...,T.

Here, Yjj; is the observation of the endogenous variable for unit i in the first cross-sectional
dimension and unit j in the second cross-sectional dimension at time t. For example, the first
cross-sectional dimension can be country and the second cross-sectional dimension can be
industry. Here, however, I will refer to the first cross-sectional dimension as industry and
the second cross-sectional dimension as input factors. Hence, for each time period t, we have
observations of the endogenous variable for different input factors in different industries.

The vector D; contains n deterministic variables such as an intercept and a trend. In addi-
tion, it can contain macro variables that are equal across both cross-sectional dimensions. The
oil price could be an example of such a variable.

The vector X;j;; contains k variables that we assume differ in at least one of the cross-
sectional dimensions. In most of the presentation, I will assume that all observations in Xj;
are unique in both cross-sectional dimensions, since this will simplify the presentation. How-
ever, it will be convenient to partition this vector as X{jt = (xl‘?’ , xﬁ’ , X ].t> , where x{? is a vector
of the k; variables that only differs in the first dimension (i.e. in the industry dimension), x].Bt
is a vector of k, variables that only differs in the second dimension (the input factor dimen-
sion), and x;j; is a vector of the k3 variables that varies in both dimensions; k = k; + k2 + k3.
The coefficient vector f;; is partitioned similarly; j; = ( l‘?', ,85.’, ,85’) When including both
industry-specific and input factor-specific common factors, ﬁ;}‘ and [55 are not identifiable be-

cause the effect from the exogenous variables x/ and xﬁ cannot be distinguished from the

common factors. Hence, only ﬁs can be identified.



The exogenous variables follow the process

Xl]t A/ Dt + ‘/l]t

Combining equations (#) and (B) yields

= By;Dy + U},

where

. i+ ﬁ 1 0
Ui]-t = Z] ij l]t and Bl] = (0{1']' A1]>
Vit Bij I

The errors can have one of the following multi-factor structures:

(

Uit alternative 0

C{j fr + Uijt alternative I

Ujjy = CA’ A+ Ujj alternative II
ft + CA' A4 Uije alternative I1I
l.].ft + C{;-“ A4 CB’ B ; + U alternative IV

where f;, f}; and are vectors of common factors with dimension my, m; and my, respectively.

Furthermore,

1 0
Cl] = <’)’1] rl]
ij Iy
" 1 0
CZ] = <,Y]A rf) , and
Bij Lk
B 1 0
ci = (a1
:Bij Ik



Here, Vijs ’y]‘-“ and ’le — which are vectors of dimension m, m; and m,, respectively — are the
coefficient vectors for how the common factors affect the endogenous variable. Hence, with the
multi-factor structure in alternative IV, we have E;;; = ')/§]- fr+ 'yf’ 4 4 'le/ B g;jr. Similarly,
Tij, I A and I'® — which are matrices of dimension mg x k, my X k and my X k, respectively —
are the coefficient matrices for how the common factors affect the exogenous variables, such
that Vi, = T%f; + T f + TP + V. Combining this with (8) implies that the exogenous
variables in X are allowed to be correlated with the common factors. Finally, we have Ui]-t =
( Eijt z;tﬁz;f 1]t)

The system in (B) and () implies that the exogenous variables are allowed to be correlated
with the common factors. The exception is the multi-factor structure in alternative 0, where no
common factors are included.

The multi-factor structure in alternative I is similar to the one considered in [Pesaran (2Z00A).
This formulation of multi-factor structure implies that we do not consider the two cross-
sectional dimensions explicitly. Hence, we could have stacked the two cross-sectional dimen-
sions into one cross-sectional dimension.

The multi-factor structure in alternative II is also similar to the one considered in Pesaran
(2006) when each of the N cross-sectional data sets is considered separately.

The multi-factor structure in alternative III implies that we combine overall common fac-
tors (f;) with common factors that differ across the first dimension (here; the industry dimen-
sion, denoted ) ¥ This multi-factor structure is a combination of I and II.

The multi-factor structure in alternative IV implies that factors that are specific to both of
the two cross-sectional dimensions are included; i.e. including both factors that are industry-
specific and factors that are input factor-specific. These are included in addition to factors that
are common to all combinations of industry and input factor.

Note that the multi-factor structure U{;t = CA’ A CB’ B ; + Uit (i-e., the multi-factor struc-
ture IV with Cl{j = 0) is not included above. It turns out that proxies for the common factors
should be the same as in the case of multi-structure IV (although it can be simplified if both

of the cross-sectional dimensions are large). This multi-factor structure is therefore not consid-

3For example, these could be country-specific factors. This choice of multi-factor structure could be appropriate
if the first cross-time dimension is countries and the second is individuals or firms. Then we would not expect
there to be a particular common factor between individual (or firm) j in countries 1 and 2.

10



ered separately.

Under some assumptions, which are set out below, observable proxies can be derived for
the common factors. These proxies are constructed as weighted averages of the observable
variables. Let w]A define the weights in the first cross-sectional dimension (here, of input factors
within an industry) with } ; w]A =1;and let wlB define the weights in the second cross-sectional
dimension (here, of an input factor across industries) with }, w? = 1. Additional conditions

for these weights are given in Assumption B5.

Summary 3.1 Observable proxies for the common factors with the various multi-factor structures are

given as:

N/
With multi-factor structure I —i.e., Ug, = C{j ft + Uijs — the vector of observable variables (Dg, Z;)
with Z; = 2}\[231 w]A z}f‘l w? Zijy can be used as a proxy for the common factors. This implies that k 41
additional regressors are included in the regression to approximate for the common factors. This result

follows from Pesarani (20084).

/
With multi-factor structure II — Uy, = CA’ & + Ujj; — the vector of observable variables (Dt, Z; t)
with Z;; = Z]lfl wAZi]-t can be used as a proxy for the common factors. This result follows from Pesarati
(P00#). Note, however, that Z] 1 w]AxA = x7, so these ki cross-sectional means are already included
in the regressions. Hence, this implies that we are only including ko + k3 + 1 additional variables in the

regression to proxy for the common factors.?

With multi-factor structure IIl — U

i=Cife + CA’ A + Uyjy — the vector of observable variables

—r— ! _ _
<D§, Z;, Z,gt) , with Z; and Z;; defined above, can be used as a proxy for the common factors. This

result is shown below. Note that Zjl-fl w]A ZfiAl w? 2] 1 wa]t, where the ky averages on the left-

]
hand side are included in Z; and the ky averages on the right-hand side are included in Z; ;. In addition
to the fact that Z] 1 wA A = x4 (see the bullet point above), this implies that k + k3 + 1 additional

averages are included here to serve as proxies for the common factors.

With multi-factor structure IV — Uz, = Ci.ft + CA’ e CB/ B + Ujjy — the vector of observable
variables (D;,Z,Z;t,zjt) , with Z j = 21‘:1 wB Zijy and with Zy and Z;; defined above, can be used
as a proxy for the common factors. This result is shown below. This implies that k + 2kz + 1 additional

averages are included to serve as proxies for the common factors. The same proxies for the common

4 Again this is consistent with Pesaran (2008), as he groups the variables in x{t‘ together with Dy.
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factors can be used with the multi-factor structure Uy, = C{;" e Cg’ ]-lf + Uyj; (ie., when 7v;; = 0

and rl']' = 0)

Remark 3.0.1 Note that D; is a part of the proxies for the common factor. This implies that, when
including the proxies for the common factors, we cannot distinguish between the direct effect of the
variables in Dy and the effect through the proxies, see Pesarari (2006). A similar argument implies that
we cannot identify the direct effect of x{} (when Z;; is used as part of the proxies) and x5 (when th is

used as part of the proxies).

3.1 Deriving the proxies for the common factors

In this section, I consider the most general formulation of the multi-factor structure and derive
the proxies from this formulation. Based on the expressions for the proxies, we can see how
they change when one considers simpler forms of the multi-factor error structure.

Combining equation (B) with multi-factor error structure IV in (1) yields

Yijt
Zz'jt = = Bl/]Dt + Cl[?,fl? + Cg,fﬁ + Cl/]ft + Ul-]-t. (8)

ijt
Pesaran (2006) presents five assumptions for his formulation of the heterogeneous panel
with multi-factor error structure. These assumptions are summarised below and extended
in the present model by two cross-section dimensions. In this section ||A[ = (tr(AA’))1/?
denotes the Euclidean norm of the matrix A; A~ denotes a generalized inverse of A; and LA

denotes convergence in probability.

!/
Assumption 3.1 Common effects: ( LA jlf’ ) is covariance stationary with absolute summ-

able auto-covariances and distributed independently of the errors e;jp and Vi for all i, j, t and t'.

Assumption 3.2 Errors: The errors gy and Vi are distributed independently for all i,j,t and t'.
For each i and j, &y and Vijp follows linear stationary processes with absolute summable autocovari-
ances, €j; = Y.y aij0Gjp—g and Vij = Y020 SijeViji—¢, Where (ajt,vgjt)/ are (k4 1) x 1 vectors
of identically, independently distributed random variables with zero mean, covariance matrix, Ij,1,

and finite fourth order cumulations. In particular, Var(e;) = Y52, a'izjg = 0";-2]» < 0% < oo, and

12



Var(Vije) = 220 SijeSiy = Z <¥ < oo for all i and j and some constants 7> and 3, where ¥;; is a

positive definite matrix.

Assumption 3.3 Factor-loadings: The unobserved factor loadings are independently and identically

distributed as

Yi=v+1% 9y~ 1D (0,0p) fori=1,.. ,Niandj=1,.. N,
Y=+, gt~ 1D (0,0,4) forj=1,...,N?,
Y2 =9" 98 nP~ 1D (0,0p) fori=1,.., N4,

where Q) is an my x mq symmetric non-negative definite matrix; (3,4 is an my X my symmetric non-
negative definite matrix; and Qs is an my X my symmetric non-negative definite matrix. The vectors
17%, 1774, n? are distributed independently of each other and independently of the errors € and Vijy and
the common factors (Dg,ft, it fif ) for all i,j,t. Furthermore, ||v|| < K, ||[v2] < K, |78 < K,
1Qpll < K, |Qyall < K, and ||Qys|| < K for some positive constant K < co. Similarly, vec (Ty;),
vec (Ff) and vec (T?) (with dimension kmo, kmy and kmy, respectively) are also independently and

identically distributed with the same properties as vy;;, ’y]’-“ and /8.

Assumption 3.4 Random slope coefficients: The slope coefficients p;; follow the random coefficient
model

Bij =B+ i, vf ~ 1ID(0,Q) fori=1,...,N%andj=1,...,N?,

where Q0 is a k X k symmetric non-negative definite matrix, and the random deviations UOJ are dis-
tributed independently of y;;, 'y;q,'yl , I’ZJ,I’ T8, eijt, Vi, and (D;,ft, it 1 fjf ) foralli,j,t. Finally,

1Bl < K, [|Qp]l < K, [|Qu]l < K, and ||Q|| < K for some positive constant K < oo.

Remark 3.1.1 The assumptions for the distribution of vy; and p;; above imply that ﬁZj Bij —
ﬁ X Bj Lo fori" # i, ie., the mean of the B-vector will converge to the same vector for all in-

dustries i. These assumptions could be refined such that

7~ 11D (0,00,
Yy =y g s U}NIID(,Q,ﬂ) fori=1,...,NYandj=1,...,NB,

73 ~ 11D (o, Q).

13



and

v?ijD (0,Qp),
ﬁijzll%—l—v?j—i—v}—i—v]z, Ull ~ 11D (0,Q,1), fori:1,...,NAandj=1,...,NB.

v} ~ 11D (0,Q2),

The derived proxies for the common factors will be the same with these more general assumptions, as is

shown in Appendix Cl.

Assumption 3.5 Identification of p;; and p: The weights used to generate cross-sectional averages

in the two cross-sectional dimensions satisfy the conditions

B B
wf =0 (%), Thwt =1, Tl <K,
A A
wf =0 (), TMwf=1 N wf| <K
Let
Mwij = IT_Hwij< Z/JJinWij) Hém’]', and )
My = Ir—Gj (G;].Gij) G, (10)

where Hyij = <D zwi])/Gij: <D Fi’;),

N o
Dy fi Zo Zio Zjo
D! fh Al Bt T T 7
. 2 x 2 i2 j2 - 1 il J1
D = , Fij = and sz‘]‘ = ) ' ) ’
/ / Al B/ 2 7. = .
Dr fr fir fir Zr Zit Zjr

with D being a T x n matrix of observed common factors; Fj; being a T x (mo + mq + my) matrix of
unobservable common factors; and Z.;; being a T x 3(k + 1) matrix of cross-sectional averages. Finally,
let Xjj = (Xij1/ Xij, -+, Xi]-T)/ denote the T x k matrix of individual-specific regressors.

(a) Identiﬁcution oleij: The k x k matrices qfl'jT =T (X;]Mwl]X”) and ‘iji]'g =T (X;]Mg1]X1]>

are non-singular, and ‘T’l;% and ‘T’i;gl have finite second-order moments for all i, j.

14



(b) Identification of B: The k x k pooled observation matrix ¥ ys 1 defined by

NEB N4
Yyanor =3 07 ) 6P%r (11)
=1 i=1

is non-singular for the scalar weights 0]A and 67 that satisfy the conditions

B B
0 =0 (7)., L6/ =1, LY 6} <K,

A A
0) =0 (3x), L0/ =1, L 67| <K

1 A

z

Remark 3.1.2 The assumptions for the factor-loading parameter (Assumption B3) and the random

slope coefficients (Assumption B4) imply

o B A P C. = A P C .= B P
i j i
74 _ B AcA P ~A FA _ ArA P ~A FA BrA P A
i j j i

=B _ B A~B P ~B B _ A~B P ~B =B _ B~B P. ~B
i j j i

where

1 0 1 0
o)t 2) ot (1)
B Ik B I
5 1 0 5 1 0
(o)1) @t
B I B Ik

15



Then

Y w') w)
L

where ffA =y, w?b

[ ~Ar A
_Cij i +

CA/fzt

B CA/flf +CB/f]t+C/ft:

A B _ A (B
£ and f, —ij

CB/f]t + Cz]ft_

CB/f]t + Cz]ft_

:CA’ AL

_CA/f;;l

CB,ftB 4 C/ft-

+CP P4 |

[ ff+ CP R+ '

(12)

(13)

(14)

Pesaranl (2006) derives the cross-sectional weighted averages of a system that is similar to

(8). Here, since we have two cross-sectional dimensions, N4 + N® + 1 averages of the vector

Zij are generated: N 4 averages for each different unit in the first cross-sectional dimension;

another N8 averages for each unit in the second cross-sectional dimension; and, finally, one

overall weighted average. Applying these averages to (8) yields

where

ma+zzw

[CA/flt CB,f]t +Cj ft} + U,

Bi,Di + Zw (civfit+ ClFE + Cifi| + T,

B,,;Di+ sz (Clrfi+ Cl A + Cufi] + Ty,

/
Bw = Zi Zj BBZ/]/
/

I wBB’
BZ,U] - Zi Bz]’

Ut = Zi Z] w]AwF ul']‘t,
Uy = Y wi Uiy,
Uy = Y wy Uy

By applying the convergence in probability properties derived in Remark BT, we have

Zi — E;;Dt -
= —/
Zi.t - Bith -
= —/
Zji — ByDy

|:CA/ftA 4 CB/ftB + C/ft:| L O,
e ft+clfE s B,

[cirfr+C g+ C'fi] Lo

(15)
(16)

(17)

Now, based on the proxy derived in Pesaran (2006), the following “solutions” are conjec-

16



tured

fo — A [Z — E;;Dt} o, (18)
fi = Al [Z.t —Fﬁth} — A4 [Z —F;,Dt} o, (19)
i = A [th - E;;]Dt] — A} [Z - E;;Dt} 2o, (20)

for some matrices A, Al‘.?), Aﬁ, A]%, A].Bl, where A is of dimension my x (k + 1); Al‘.?) and Aﬁ are
both of dimension m; x (k4 1); and A]% and A]ﬁ are both of dimension m, x (k+1). From

these expressions it follows that

fit = (a8 +af) |z - B,Di| Lo, (21)
- (Ag + A?) [Z - F;;Dt} Lo, (22)

where Ag‘ =Y, wlBAi‘g, A{‘ =Y, wlBAﬁ, Ag =Y wa]%, and A’lg =Y w]AAﬁ.
From (I8) it follows that mg linear combinations of the averages in Z; (adjusted for the
deterministic variables in D;) express the common factors. Hence, it is only necessary to inves-
tigate the expression in (I5) given by the space spanned by the my row vectors in A. To find

the expression for A we pre-multiply (I5) by the unknown A, apply (I8), (1) and (22), and set

this equal to zero. This yields the identity
A— ACH (Ag‘ + A{‘) — ACP (Ag + Af) —AC'A =0,
which implies
A=(cc) cli-ch(af +af) -c (af+af))|. (23)

Similarly, pre-multiplying (I8) with A% and applying (I8)-(22) yields the following indirect

solutions for Af% and Aﬁ:

Af — ARCV AL = 0,

afchaf + apcl (af + af) +afca = o,
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which gives

ap = (chev) o, (24)

af = —(chch) ek (af+af)+cal. (25)
Finally, applying the same procedure to () yields

Ab = (CBCB’)icB, (26)

AR = - (chB’) e [CJA’ (AOA + A{‘) + C/A] . 27)

Hence, this gives explicit solutions for Az} and A]% and, hence, also for A and A5:

ap = (chch)

AB = (CBCB/)’CB

These expressions are now applied to derive the proxies for the different multi-factor error

structures:

o With the multi-factor structure in alternative I — U

it = ij ft + Uijt, which implies that

le;‘ = Cg = 0 — it follows that A = (CC')” Cand A} = A/ = Aﬁ) - A]‘Bl — 0. Therefore,
RN
(D;, Z;) can be used as an observable proxy. This expression corresponds to the one
found in Pesaran (2008).
e With the multi-factor structure in alternative II, it follows that C = 0 and C? = 0. Ap-
plying this in (Z3)-(27) yields A4 = (CACY) CAand A = A = A]% = A]% = 0, which

_ /
implies using (Di, Z;t> as an observable proxy for the common factors.

o With the multi-factor structure in alternative III, it follows that C® = 0. Applying this in
(C3)—(22) yields A}% = A]-B1 =0, A = (CAC%) (4, and indirect solutions for A and Aj

given as
A = (co) cli-cv(ag+at)], (28)
AL = (CACA’) T CACA. (29)
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—y /
Hence, (D{, Z;, Zi.t) can be used as an observable proxy for the common factors.

e With the multi-factor structure in alternative IV; the coefficient matrices for A, Af%/ Aﬁ,Aﬁ)
and Aﬁ are indirectly given in (Z3)—(Z4). With none of the coefficient matrices equal to
.y _ !/

zero, all of the proxies suggested in ([8)—(20) must be included. Hence, (D{, Z;, Zit, Z.]-t)

can be used as an observable proxy for the common factors.

e With the multi-factor structure in alternative IV with C = 0, it follows that A = 0. How-
. A A B B . . .

ever, since Ajj, Ail/Ajo and A]-1 generally will be non-zero, all the proxies in (I4) and

(Z0) must be included. Hence, the vector of proxies is the same as for the multi-factor

structure IV without a zero-restriction on C imposed, see above.

The results in this section are derived as though all variables in Xj;; vary in both cross-
sectional dimensions. If they do, all parameters in the vector §;; can be estimated. However, if
they do not, some proxies for the common factors can be identical to an exogenous variable (i.e.
a variable in X;;;). Then we cannot distinguish between the direct effect of X;j; and the effect
from the common factor. This is similar to the problem of interpreting the coefficients for the
deterministic variables in D, as also noted by Pesaranl (?006). For example, with multi-factor
structure in alternative II — i.e. Ui’;t = le;" i‘? + Ujjy — then ﬁ;? cannot be estimated, because
we cannot distinguish between the exogenous variables x# and their cross-sectional averages
2;‘\,:31 w]Axft1 = x/! used to compose the common factors. However, in this example, both ﬁg
and ,85 can be estimated and interpreted as the direct effect of the exogenous variable on the
endogenous variable. In the empirical section, the elasticity of substitution is the only param-
eter that can be interpreted as a direct effect of the exogenous variables on the endogenous

variable, as the corresponding variable in X;j; (the relative factor price) is the only variable in

Xij+ that varies in both cross-sectional dimensions.

3.2 The number of common factors

The common factors are here approximated by different cross-sectional averages. That implies
that there is a limit to how many common factors can be approximated. In our multi-factor

structure I, it follows from Pesaran (2006) that, to be able to approximate the common factors
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with this approach, the following assumption must be fulfilled: rank(C,) = mg (where my is
the number of common factors). One implication of this assumption is that my < k+1, as Cuw
isa (k+ 1) x mp matrix. Hence, the number of common factors cannot exceed the number of
cross-sectional averages that we add to the regression to proxy the common factors. Another
implication of the assumption that C;, must have full rank is that there must be enough linearly
independent variation in the cross-sectional averages to proxy the common factors.

For the multi-factor structure in alternative II, a sufficient assumption is rank(Cj,,) = m; <

ko + ks + 1.

For the multi-factor structure in alternative III, sufficient rank restrictions are

rank =my+m <k+1

and mnk(fﬁu) <k, +ks+1.
For the multi-factor structure in alternative IV, the following assumption must hold to make

it possible to proxy the common factors:

Assumption 3.6 We assume
Cu
(a) rank EZ‘) =mo+m +my <k+1

(b) rank(Chy) < ko + ks + 1, and
(c) mnk(alj,j) <k +ks+1

Assumption B can be used for all the alternative multi-factor structures. For example,

. . . . —B C .
with the multi-factor structure in alternative III, we have C,, = 0 and m; = 0, which implies
that conditions (a) and (b) in B are identical to this multi-factor structure presented above,

whereas condition (c) in B is obviously fulfilled.

3.3 Asymptotic property of the estimator

Here, I give a limiting result for the estimator of pj under the most general multi-factor struc-

ture (i.e. alternative IV) when the appropriate proxies for the common factors are included in
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the regression. In matrix notation, the model with the proxies for the common factors with

multi-factor structure IV can be written as

Yij = XijBy; + HuwijOj; + €,

where

Yl] = (Yijlr Yi]‘2, ey Yi]'T)/ with dimension T x 1,

Xl‘]' = (Xijlz Xl‘]‘2, ceey XijT)/ with dimension T X k,
/

e;‘j = (ej‘jl, esz, .. .,sl’ij) with dimension T x 1,

D = (dy,dy,.. .,dT)/ with dimension T x n,

Z = (Z1,Z,,.. .,ZT), with dimension T x (k + 1),
Z; = (Z’.l/zi.z, ... /Z‘.T)/ with dimension T x (k + 1),
Zi = (Zp,Zp,.. .,Z]T)/ with dimension T x (k +1).

The estimator of Bi; is

~ -1
by = (XMaXy)  (XiMaYy),

where M,, = It — H,, (H,H,) ' H.,.

Furthermore, let G;; = (D, F, F;, F;), where D is defined above and

F = (fi,fs...,fr) with dimension T x m°,
!/

F = (ﬂ-‘f,fi’g, .. .,f[%) with dimension T x m?,
/

E; = (fﬁ,f]%, .. ,f]BT) with dimension T x m?.

(30)

(31)
(32)

(33)

(34)
(35)
(36)

(37)

(38)

(39)

(40)

(41)

Proposition 3.1 Under the multi-factor structure in alternative IV and Assumptions BZI-38, the fol-
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lowing limiting result for the estimator in (B8) is given by:

i _a XMy X Mgigei
b= \Tr ) T
1 1 1 1
0 (wr) vor (wn) vor () +o (Gams) - @

where Mgij = It — Gj <G{jGi]-> - ij. Since ¢;; is distributed independently of X;; and G;;, then, for a

fixed T and N4 — oo and N4 — oo, we have E (Eij — ﬁij) =0.

The proof is given in Appendix [Al.

The proposition shows that the proposed estimator is asymptotically unbiased.

4 Monte Carlo experiment

In a Monte Carlo experiment, I consider the following data-generating process with only one

exogenous variable:

Viip = BiXije + ’)/Iyqijf P+ ’Ylygijfﬁ + €ijt, (43)

xip = vhifi F i+ i (44)

fori = 1,...,NA,]' =1,...,NBandt = 1,..., T and where the common factors ( i’t“ and ].lf)

and the error terms (v;;; and ;) all follow AR(1) processes given by

2
i = P?,‘fi?—l +vj’?l-t, with vfl-t ~ NIID (0,1 — (p?i) ) fort=1,...,T
with fi ~ NIID(0,1), pf; = 0.5, fori=1,...,N4
2
o= obfE o+ ol with o, ~ NIID <0,1 - (p%) > fort=1,...,T
with fjo ~ NIID(0,1), pf; = 0.5, forj=1,...,N®
O = P01 + Vyy, with vy ~ NIID (0,1—p3,) fort =1,..., T

with v ~ NHD(O,l),pij =05, fori=1,..., N4 and j = 1,...,NB
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and

&t = PuEit1 + Veije, with vgjy ~ NIID (0,1 - pgij) fort=1,...,T
with &9 ~ NIID(0,1),0,; = 05 fori =1,...,N*andj=1,...,N".
This data-generating process implies that there is one common factor for each i (i = 1,..., N4)
and one common factor for each j (j = 1,..., N®). Hence, in the full system N4 + N® indepen-
dent common factors are included. The data-generating process also implies that all variables
follow stationary processes.

In these simulations, the parameters are fixed across replications. For each replication, the
“Common Correlated Effects Mean Group Estimator” (CCEMG) . = (NANB) ! 211\51 jlfl :Bij
is estimated for each of the specifications of the common factor. In Table [I, the mean over all
replications is reported. In addition, the smallest estimate (min) and the highest estimate (max)
of all replications are reported. Finally, the standard deviation of the distribution of ,,; over
the replications is reported. These numbers are reported for different specifications of the
proxies used for the common factors.

In Table [, I consider seven different estimators of B. They all differ with respect to which
variables are included as proxies for the common factors. The first estimator — denoted the
‘infeasible” estimator — is the estimator where the common factors themselves are included in
the regression. It is denoted ‘infeasible” as we assume that these common factors are unobserv-
able, and — hence — cannot be included directly in the regression. These results are included
to provide a benchmark for how well we could estimate § if all information were available.
The asymptotic bias for this estimator is zero, as reported in the first column in the upper part
of Table [I.

In the middle part of Table [, simulation results with a relatively large data set are re-
ported. In the lower part of the table, simulation results with the same parameters in the
data-generating process are used with a relatively small data set. Simulations with other pa-
rameter values are also conducted, but the results from them show a similar picture as the one

reported in the table.®

5The Monte Carlo simulation is programmed in Ox Professional, see Doornik (2013), and the code is available
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Table 1: Results from simulations: 3 MG

infeasible naive overall c.f. industry-sp.cf. both all special
Vi
3 i Xy Uit
Proxies ) o (D) (%) o I
jt Xt Xit Yit Xit Yit
Xit Vit Xjt
Xjt
Asympt. bias 0 2/3 2/3 1/2 1/2 0 0
In the table, “c.f.” is used for “common factors” and “industry-sp” is short for “industry-specific”.
infeasible naive overallc.f. industry-sp.cf.  both all special
mean 1.0000 1.6665 1.6643 1.4999 1.4999 1.0000 1.0191
min 0.9952  1.6566 1.6537 1.4830 1.4823 0.9953 1.0100
max 1.0034 1.6748 1.6726 1.5136 1.5139 1.0037 1.0320
st.d. 0.0013  0.0029 0.0030 0.0046 0.0047 0.0013  0.0035

In this simulation: 1000 replications, N4 = N® =100, T = 100, pf; = p}; = p;; = pg; = 0.5,Vi, ],
— i AA _AB _ AA _ B -
,Bij =1,VYi,j, Yyij = Vyij = Vaij = Vxij = 1,Vi,j.

infeasible naive overall cf. industry-sp.cf.  both all special
mean 1.0001 1.6672 1.6448 1.5023 1.4994 0.9969 1.1468
min 0.8349 1.5308 1.4924 1.2824 1.2261 0.2390 0.8838
max 1.1679 1.8012 1.8147 1.6770 1.7002 1.3694 1.3425
st.d. 0.0522 0.0398 0.0470 0.0615 0.0729 0.1024 0.0770

In this simulation: As above, except N4 =NB =10, T = 10.

The second estimator I consider is denoted ‘naive’ in the table. These are the results from
the regression where no proxies for the common factors are included in the regression. Hence,
the endogenous variable is here only regressed on the exogenous variable in addition to an
intercept. In Appendix B, it is shown that the asymptotic bias with this estimator is 2/3 with
the data-generating process considered here. The simulation results confirm that the estimates
are very biased and close to the asymptotic bias for both sample sizes, showing that neglecting
the common factors can lead to large estimation biases.

The results for the third estimator I consider are reported in the column ‘overall c.f.” in the
table. Here the overall common factors are included, i.e. 7, = (N4N?) - Yy and Xy =
(NAN B ) - Y Zj x;jr are included in addition to x;j; and an intercept. With a relatively large
data set, see the upper part of the table, the bias is approximately as for the ‘naive” estimator.
With a smaller data set, see the lower part of the table, the bias is somewhat smaller. In a

large data set — i.e. when N and N® are large — the variation in ¥, and %; is negligible

from www hungneg net.
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compared to the variation in x;;;. Hence, the correlation between these two proxies and x;j; is
small and including them does not matter much for the estimated coefficient of x;;;. However,
in a small data set y, is correlated with 7;; and ¥/j, (and similarly for X;), which reduces the bias
somewhat.?

The forth estimator is considered in the column ‘industry-sp. c.f” where (¥;,,X;;)’ is used
as a proxy for f1. It can be shown that the bias will converge to 1/2 if the proxy converges to
f#. This is indeed the case, both in the large and in the small data set, indicating that the proxy
is very good for f/. However, the omission of a proxy for f]B still leads to a large bias.

The fifth estimator is considered in the column ‘both’, where both (v;,,X;;)" and (y,, ;)" are

used as proxies. The bias is almost identical as in the case when only (¥, X;;)’ is used as a
proxy.

a proxy for f#! and ]-lf. Here the estimator is almost as good as the infeasible estimator in the
relatively large data set. Also in the small sample, the estimator has a small bias, measured as
the deviation of the mean of the estimates over the replications and the true value. However,
the standard deviation is twice that for the infeasible estimator, and, for one of the replications,
the estimate is as low as 0.239. The reason for the relatively high uncertainty in the estimates
is that very many parameters need to be estimated compared to the number of observations.
For each replication and combination of industry and input factors, we have 10+1 observations
(including the initial observation) to estimate the parameter for x;;; and the intercept and six
variables used to proxy the common factors.

Finally, in the column ‘special” the results for the seventh estimator are reported. Here
(Vi i, j,, Xj,)" is used as a proxy for A and fj’f, i.e., ¥, and X; are not used in the set of
variables proxying the common factors. Excluding the overall averages leads to a bias, but the
bias decreases with the size of the data set. The reason is that, in our data-generating process,
both i, and x; become closer and closer to a constant as the data set increases, meaning that the
variation in (¥, %)’ is negligible in relation to the remaining proxies. Therefore, they become

less and less important to include as proxies. Hence, this indicates that, if N4 - N® is large,

5For example, if, say, N A =1, then¥ = X and ¥, = ¥, for i = 1. Hence, the proxies for the overall common
factors are equal to the proxies for the industry-specific common factors. Therefore, the bias would be the same as
the one reported in the column ‘industry-sp. c.f.’, which is equal to 1/2.
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(V,, %)’ can be excluded from the proxy for the common factors when no overall common
factors are included. On the other hand, if we are only interested in the mean-group estimator
B, the gain of doing so is negligible since the degree of freedom is large. However, if we are
interested in the estimates of individual f;;’s, excluding ¥, and X; from the proxy may yield

more precise estimates.

5 Construction of proxies for the common factors

The endogenous variable used in the analysis is v;;; = log(Vijt), where Vjj, is the use of input

factor j in industry i at time ¢. The deterministic variables are an intercept and a trend; D; =
/ . . . . . P,"

(1,t)". The exogenous variables used in the analysis are relative price, p;jy — paj: = log <ﬁ];r> ,

and production (measured as output in an industry), x;; = log(Xj;), where the former is unique

to all combinations of industries and input factor, whereas the latter is only industry-specific.

5.1 Averages within industries

Let w;;, where }_; w;; = 1, be the weight of input factor j in industry i. The notation implies

that the relative weights of the different input factors can differ across industries. The weighted

cross-section means are given by;

Vg = YW Vijt (45)
j

Pit — Piar = ij\i (Pijt - PiAt)
j

= ij\i " Pijt — PiAt (46)
j
Xit = ij\i " Xit
j

The weighted average factor price p;4; is given by

piar =Y Gibit (48)
j
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Table 2: Cost shares ({;;) = weights (w;;), in per cent

Industry L| E| F|FT M | K10 | K30 | K40 | K50 | K60
01: Agriculture etc. 35815 |05|18|274 216 | — | 07107 | 0.0
02: Fishing and hunting 494 | — |02 |73 |256| —|160| — | 14| 01
03: Aquaculture 103| —| — |04 ]828]| 20| 18| 07| 12| 09
04: Consumer goods 155109 (02]03|756| 29 — 1| 03] 39| 05
05: Intermediate goods etc. | 241 | 1.3 | 06| 07| 617 | 39| — | 04| 57| 15
06: Energy-intensive goods | 11.2 | 7.6 | 0.8 | 0.1 | 64.7 | 55 — | 01} 90| 1.0
07: Petroleum products 18103 |38| — |82 34 — | 00| 24| 01
08: Engineering products 263 105|101|01]|666 | 16 — | 01| 26| 21
09: Construction 28610210299 |649| 29| — | 08| 13| 01
10: Banking and insurance | 35.3 | 0.4 | — | 0.0 | 50.8 | 10.0 — | 12| 04| 17
11: Electricity 13.0 | 49| — | 1.0 | 169 | 31.1 — | 03]321] 07
122R&D 22| —| —| —|281| 40| — | — | lo6|241
13: Domestic transport 31004 | 10|64 |486 | 42| 32| 37| 14| 02
14: Merchandising 4291110407 484 | 36| — | 07| 18| 04
15: Information services 334103 |01|03]|544 | 24 — | 02| 59| 29
16: Other private services | 433 | 0.8 | 02 | 04 | 469 | 43| — | 08| 26| 0.6
17: Leasing com. buildings | 13.7 | 2.2 | 0.5 | 0.3 | 43.1 | 39.1 —| —| 10| 01

L: man-hours (sum of employed and employees); E: intermediate consumption of electricity; F: interme-
diate consumption of heating oil; FT: intermediate consumption of transport oil; M: other intermediate
consumption; K10: real capital, buildings and constructions; K30: real capital, ships and fishing boats;
K40: real capital, cars; K50; real capital, machinery and equipment; K60: real capital, R&D and other
intangible assets. The symbol ‘—" indicates that the input factor is not used in the industry (in at least
one time period), according to the national accounts.

where ;i = Z_f%ﬂ, with

1
. Hol /o P Vi, w(1-w)"] ==
i = [H (z BV ) (49)
k Likt—h Vik,t—h

h=0

This expression implies that the weights ;; are constructed as a weighted average of the ob-
served (i.e. actual) cost shares such that the most recent observed cost share has the highest
weight.”

The expression includes two parameters that we need to set values for. The parameter H
expresses the number of observations we apply (e.g. it could equal to the number of observa-
tions, i.e. H = T, or one could use a smaller sample to derive these weights, i.e. H < T.). The
parameter w expresses the weight put on the last observation if H is large. (If H is ‘small’, then
the weights are adjusted upwards, ensuring that the weights sums to unity.) The weights used

in the analysis are reported in Table D.

7If the actual cost shares for each input factor are equal across time periods, then ¥ @Zl ;=1L
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In the analysis, I use wi; = 4 lir Vi, j, i.e. the relative weights used here to calculate the
weighted variables are equal to the weights used to construct the weighted factor price p;4;.
This implies that p;; — pia; = 0 with p;; = Z]- Wj|;Pijts and — since this aggregated variable
does not vary over time — the corresponding coefficient cannot be estimated. Hence, the
variable is not included in the vector of additional variables to proxy the common factors
within industries.

Furthermore, since the weighted average of the production is equal to the production itself,
this variable is already included in the analysis. Therefore, the only additional variable that

must be included to approximate the common factors within the industries is v; ;.

5.2 Averages across industries

As proxy of the common factors across industries I use aggregates of the untransformed data,

ie.

Vi = Y Vi (50)
i
Dijt
ﬁ _ Zi ﬁvijt (51)
P a Vit
Xe = ) X (52)
i

The aggregated use of input factor j is the sum over all industries. The aggregated price of
factor j is constructed such that the relative prices of input factor j over all industries is a
weighted average of the relative price of that input factor over all industries, where the relative
use of that input factor in industry j is used as weight. Finally, the aggregated production is
the sum of production over all industries.?

One advantage of using proxies based on untransformed sums is that the proxy used for
one industry is independent of how other industries are defined. For example, the proxies used

for these common factors in the financial industry will be independent of whether agriculture

8 For these proxies I use aggregates instead of averages. However, this is not important, as I use log-transformed
data. Thatis, Tuse vj; = log(V;). If I had used averages such as v ;; = log(Vjt/NA) = log(V;;) — log(N%).
Hence, these would only differ by a constant, and would only change the estimates of the intercepts. Otherwise,
the estimation results are unaffected. Since I do not report the estimates of these intercepts, all reported estimates
would be the same if I had used averages instead of sums for these proxies.
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and fishing are seen as two separate industries or aggregated into one industry.

5.3 Fully aggregated variables

The fully aggregated variable for the input factor is defined by

V=Y Vie (53)
i
Note that .
Py XipiVie ) Py
= : = 1since — =1, 54
P V.t Pt &4

which does not vary over time. Hence, this is just a constant and not necessary to include as
an additional variable in the regression because an intercept is already included.

Finally, the aggregate of production,
Xe=)Y Xp, (55)
i

is identical to the aggregate of production derived from averages across industries.

6 Estimation results

In this section, I apply the estimators considered in Section B to the data series constructed
in Section B. The results are reported in Table B. I apply quarterly data from the Norwegian
national accounts. The estimation period is 1980ql — 2013q4. The estimation is conducted
using PcGive, see Doornik-and Hendry (2013).

The first column shows the results when no proxies for common factors are included. In the
estimation, I have imposed the additional restriction that the elasticity of substitution is equal

across input factors within each industry.? Hence, for each industry, the following regression

9However, I have not imposed the restriction that the coefficient for the elasticity of scale is the same across
input factors within an industry. The reason for the latter is that this restriction is impossible to impose when
proxies for the common factors are included (as the cross-sectional average of production in an industry is equal to
the production, and — hence —makes it impossible to distinguish between the direct effect of production (which
is given by the inverse of the elasticity of scale) and the effect of production as a proxy for common factors).
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is estimated:

i = toij + &1iiXip — i (Pije — Piar) + €ijts (56)

fori = 1,...,NA,]' =1,...,NBandt=1,...,T.

In the table, the estimate for the elasticity of substitution, ¢, is reported for each industry.
As can be seen from the table, the estimate of the elasticity of substitution is negative in three
industries: these are the Fishing and hunting industry (02); the Petroleum products industry
(07); and the R & D industry (12). A negative elasticity of substitution implies that the industry
will use relatively more of an input factor that increases in price, contrary to economic theory.

In the second column in Table B, the estimate of the elasticity of substitution is reported
when proxies for overall common factors are included. Here, the mean of production over
industries and the mean of the input factor use over all combinations of industries and input
factor types are used as proxies. The results are similar to the case without proxies for common
factors; in the same three industries, the estimated elasticity of substitution is negative.

The third column in Table B shows the estimation results for the case where it is assumed
that the common factors are industry-specific. In this case, the mean of the input factors within
each industry is used as a proxy for the common factor. With this formulation of the common
factor, there are still sign problems with the elasticity of substitution in two of the industries
(02, Fishing and hunting; and 07, Petroleum product). In the R & D industry (12), the estimated
elasticity of substitution is positive, though very close to zero (and not significantly different
from zero) — implying almost no substitution possibilities.

The fourth column in Table B shows the results when common factors are assumed to be
either overall or industry-specific (but no common factors that are input-specific). These esti-
mated elasticities of substitution are quite similar to the estimates when only industry-specific
common factors are considered (cf. the results in the third column).

In the final column of Table B, all types of common factors are considered. That means
that in this column input-specific common factors are also allowed. Now, five variables are
used as proxies for the common factors, see the top right corner of Table B. The reported

estimates of the elasticity of substitution are all positive, ranging from 0.2 (in the Fishing and
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Table 3: Estimated elasticity of substitution

no overall industry-specific both all types

Xt

X, Xt p.jt — P.At

Industry f=0 fi = <U.t> fr = (vir) fi= v Uiy

) Uit Ut

'U_]‘t
Est. (std. err.) Est. (std. err.) Est. (std. err.) Est. (std. err.) Est. (std. err.)
01 0.522 (0.052)  0.478 (0.052) 0.451 (0.048)  0.399 (0.046) 0.216 (0.081)
02 -0.382 (0.047) -0.277 (0.045) -0.338 (0.049) -0.121 (0.048) 0.195 (0.061)
03 0.241 (0.052)  0.227 (0.050) 0.232 (0.047)  0.218 (0.045) 0.952 (0.071)
04 0.566 (0.046)  0.531 (0.046) 0.553 (0.043)  0.484 (0.043) 0.458 (0.096)
05 0.328 (0.044)  0.292 (0.044) 0.340 (0.041)  0.284 (0.041) 0.271 (0.082)
06 0.662 (0.044)  0.663 (0.044) 0.689 (0.041)  0.613 (0.042) 1.054 (0.059)
07 -0.141 (0.024)  -0.099 (0.023) -0.104 (0.023) -0.053 (0.022) 0.211 (0.023)
08 0.823 (0.039)  0.691 (0.039) 0.813 (0.038)  0.626 (0.038) 0.939 (0.064)
09 0.356 (0.053)  0.336 (0.052) 0.332 (0.052)  0.264 (0.051) 0.521 (0.122)
10 0.439 (0.066)  0.473 (0.065) 0.676 (0.064)  0.444 (0.062) 0.836 (0.095)
11 0.597 (0.048)  0.551 (0.048) 0.271 (0.057)  0.236 (0.056) 0.402 (0.064)
12 -0.134 (0.103)  -0.206 (0.103) 0.011 (0.097)  0.028 (0.097) 0.552 (0.147)
13 0.137 (0.044)  0.119 (0.043) 0.129 (0.043)  0.120 (0.039) 0.403 (0.106)
14 0.554 (0.052)  0.540 (0.050) 0.641 (0.049)  0.524 (0.045) 0.357 (0.091)
15 0.306 (0.053)  0.390 (0.055) 0.383 (0.052)  0.438 (0.050) 0.850 (0.089)
16 0.790 (0.046)  0.851 (0.047) 0.809 (0.044)  0.860 (0.042) 0.428 (0.092)
17 0.678 (0.073)  0.615 (0.070) 0.558 (0.074)  0.631 (0.069) 0.837 (0.092)
log lik. -5525.6 -3487.21 -3596.77 -1082.02 4478.2
no. of par. 446 732 589 875 1161

For name of industies, see Table D.

hunting industry, 02) to 1.05 (in the Energy-intensive goods industry, 06). In all industries, the

estimated elasticity of substitution is significantly different from zero.

7 Conclusions

In this paper, I have presented a procedure for estimating a system with two cross-sectional

dimensions and interdependence in both of these dimensions. The procedure is an extension

of the one in [Pesaran (2006), where only one cross-sectional dimension is considered. The pro-

cedure is applied to estimate the elasticity of substitution between input factors where the two

cross-sectional dimensions are industry and input factor. Hence, the approach allows some

type of interdependence between input factors within one industry, but also interdependence

between the same input factors in different industries. These types of interdependencies can




be due to technological changes. Such technological changes can both lead to changes in the
the relative use of input factors within an industry or across multiple industries. If the relative
prices are correlated with the process for the technological change, we get biased estimates of
the elasticity of substitution when not controlling for the technological changes.

The approach allows for a factor-neutral technological process. This process can differ
between industries. A factor-neutral technological process will have the same effect on the
optimal use of all input factors within each industry.

When estimating the substitution elasticity between up to 10 input factors within 17 in-
dustries, I find negative estimates in three industries when not including common factors to
account for technological changes. However, when controlling for all types of technological
changes, i.e. by including common factors both within and between industries, we get posi-
tive estimates of the substitution elasticities in all industries. Hence, these results illustrate the

importance of taking into account technological changes that can also work across industries.
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A Asymptotic properties

Al Asymptotic result for §;;
Below A~ denotes a generalized inverse of A.

Lemma A.1 Let Q, G and P be matrixes such that Q = GP and where P has full column rank. Then
Q(QQ) Q' =G(GG) G\

Proof. First, Q (Q'Q)” Q' = Q(Q'Q)" Q/, where Q™ is the Moore-Penrose inverse of Q; see
e.g. Abadir_and Magnus (2005, Exercise 10.54). Then Q (Q’ Q)Jr Q" = QQT follows from
Abadir and Magnus (2005, Exercise 10.29). Inserting for Q we have QQ* = GP (GP)", and
applying that P has full row rank, it follows from [Abadir and Magnus (2005, Exercise 10.40)
that GP (GP)" = GG™. Applying all these results, we have the result in the lemma. m

In matrix notation the model with the proxies for the common factors with multi-factor
structure IV can be written as

where Yj;, X;; and ¢j; are defined in (BI)-(83); and Hy;j = (D,Z,Zi,Zj), where D, Z, Z; and
Zj are defined in (B4)—(84). The estimator of ,Bij is

~

bij = (X’ My X ) (X’ MY ) (58)

where Mwij =Ir— Hwij (H sz]) H},

wij wij

The model with the common factors in matrix notation is given by
Yij = XijB;; + GijOij + & (59)

where ¢;; = (Siﬂ,el‘]g, .. -/SijT)/ with dimension T x 1 and G;; = (D, F, Fi.,F.]-) where F, F; and

F; are defined in (B9)~(&I) and ©;; = ( o,V v )
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Inserting this model into the estimator yields a similar expression as in Pesaran (20086, eq.

—1 -1
X Maij Xij X MyijF ) X Maij Xij XM Fi .\
T T T T
-1
XZ/]MZUI]XZ] X/ Mw1]F n Xl{]‘Mwinij XZI]MWZ]EI]
T T T T
X} Muij Xij X} My} .\ X} Muij Xij - X} Mujieij .
T T T T ’

where F; = (F,F,F).

29);

To evaluate this expression we need to apply the process for the exogenous variables
Xij = Gillij + Vj; (61)
and the proxies for the unobserved common factors
Huij = GjiPuij + Uz (62)

Where G;} = (D, F,FA, FB, Fi./ F]),H (AZ],kaml,kamz TZ], r:;\/’ rB/> ‘/l] = (Z)l’jl,l)l‘jz,. . "vi]'T)/,

I, By Ez'w Ew]'
0 Ew Ez'w EW]
—A =A =A
. 0 Cw Ciw Ca;]
Puij = —B =B =B
0 Cw Ciw Cw]
0 0 Ch o0
0 0 0 Cy
and Uy, = (0, U, Uiy, Ujyy) with
U, = (U, Uy,... Ur) (63)
—=A A —A\’
in - (Uil, uiz, ey UZ-T) (64)
—B -——B —B\/’
U = (Up Uy, Ur) (65)
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Note that under Assumption B and assuming that both Eiw and Cw] have full rank, Py;;
has full row rank, i.e., rank(Pwij) = n+mo + 2my + 2my , which follows from repeatedly using

that

A B
Z = rank > rank(A) + rank(B),
0 D

see, e.g., [Abadir and Magnus (2005, Exercise 5.4), which holds with equality if both A and
D have full row rank since the rank of Z cannot exceed its number of rows. If either C{:U or
EZ]- does not have full row rank, we can modify Py;; to a matrix with n + mg + my + mz +
rank(Czw) + rank(C ;) rows and full row rank, and adjust Gjj accordingly.™

Using the results from the Lemma 2 and 3 in Pesaran (?006), but adjusted to the formulation

applied here, we have:

Xi: Huij Xi.Gj; 1 1 1 1
] ] i L L
S = R0 (552) +0n () 0 () 00 () 0
!/ ) */ Tk
Hoibwij - GG, 6 (LYo (L

T wij T wij P\ NA P\ NB

+o<1)+o<1> 67)
P\ VNAT "\ VNBT

H;”F* GYF* 1 1

TTwyty / oy

r =l +O’”< NAT>+O”< NBT> (68)

Proof of Proposition BJ. Applying the results in (68)—(B8) gives

XijMuijFj XMWF 1 1 1 1
— 69
=T o () v () <o () o () @

10 These adjusted matrices are

I Ew Eiw EZU]

0 Cu Cip ij

0 Ch, Ch Ch
po— B —B -8 | and G (D F FA FB [ F-)
w10 Cw Ciw ij 177

0 0 Cy O

~B

0 0 0 Cyj

ith £, = F.M; (MLM;) ™ E; = E;M, (MGM;) G = MITL, and Ty = M/TZ, with M;, and M, bei

with £ = F M;, ( i i.) L= L ( J .j) r Ci = M Sy, ANA Lgpj = IV L5, WL i, an j bemng
_ _ =A =B

matrices of dimension m17 X mnk(CZ‘U) and myp x mnk(CS,]»), respectively, such that both Cj;,, and C,; have full row

rank. This implies that M;. Lffz‘u =0and M, L@i/ = 0 (where M| denotes the orthogonal complement to M, see,
e.g., Abadirand Magnud (2005, p. 46), such that we have G sz] G} Pw,], where pwij has full rank.
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where My;; = It — Quij (Q;,ijsz‘j> - Q;mj with Quij = G;;Pwi]-. When the rank conditions in

Assumption B8 hold, we have My; = Mg;; = It — Gf (Gi*j’ Gl*) Gl’;’ , see Lemma A1, In

addition, since P* - G;’;, then MWF = Mgle =0,and

XiiMuibiy _ 0, ! 0, ! o, (-1 +o0,(—1_ 70
7 =0 (x) +0r (s + *’(m)* ”(W) 70

Similarly, we have

XijMwin;kj XiiMyij X 1 1 1 1
71
T T T <NA>+O (NB>+O ( NAT)+OP< NBT> 7h

and

XifA/YIf”ijgif = X”'Ai"”s” +0, (L) +0p <L> (72)

where we again can replace M;; with M,;; when Assumption B:@holds. Finally, T ¢ Mg Xij =

O, (1), and we have the results in the proposition. m

B Asymptotic biases in the Monte Carlo experiment

B.1 The naive estimator

Here the estimator is given by

—naive

-1 . -1 _
,Bi]' = (xl/'lexij) (xf]M1y1]> Wlth M1 = IT — 1T><1 (1/T><11T><1) 1i><1 = IT —T 11T><T/

where 17,1 defines a vector of ones with dimension T. The data-generating process (DGP) is
given by

y lxl] + xl]lBl] + f ’Yyl] f ’Yyl] + 51] with le] 0.
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Inserting the latter into the former yields the following expression for the estimation bias

—naive

Bij — B

_ (T‘lxnglxij> ! [(T‘le]»leiA> ’y;‘ij + <T‘1Xf]~M1ij> ’)’lysij + (T_lelegijﬂ - (73)

Inserting from the DGP for unobservable common factors, the nominator of the expression for

the bias in (IZ3) becomes

(7 M) oy (T MR ) oy (T M)
= Vi (T_lsz/leiA) Vi + v (T_lij/lezA> Vi + (T_lvnglﬁA> Vi
+’7;?ij (Tﬁl.fiA/Ml_f]'B) 751']' + ’Yfij (Tilij/le]‘B) '751']' + (Tﬁlvéleij) 751']'

n (T—lx;].Mlsij) ,

A (T-14A1 AY A B (7—1¢Bs B) B :
where the terms 77, (T 1AM f) Vyij and 7y <T [ M f] ) 7yij converge to unity by con-
struction of the data-generating process and the remaining terms converge to zero due to As-
sumption B2

The denominator of the bias in (IZ3) becomes (by applying (24))

(T7xMuxg) = (TP M) + (T2 MSF ) + (T Moy )
F(TEAR) + (T MP) + (T Moy )

+ (T—lv;lefiA> + (T_lv;leij> + (T—lv;levij) ,

and by construction of the data-generating process, the terms (Tﬁ1 flA/ M, fiA), (Tfl f]B’Ml f]-B > ,
and (T‘lvnglviO converge to unity; and (T_lfz-A’M1f]-B) and (T_lf]B’leiA) converge to
zero. By Assumption B2 the terms (T_lfiA’Mlvij), (T‘ljf]B/Mlvij>, (T‘lvijlfiA) ,and (T‘lvnglf].B>

converge to zero. Applying all this, the bias is given by

—~naive

p 2
51']’ —/31‘]' - 3

The mean group estimator will have the same bias.
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C Accompanying note

Here, I consider how the derivation in Section B under Assumptions BI-335 changes when
applying the modification for 7;; and ;; given in Remark BETIl. With these modifications the

results in Remark BT change to

Remark C.0.1 The assumptions for the factor-loading parameter (Assumption 3) and the random slope

coefficients (Assumption 4) imply

Co = ZwB ZwACz] —C, Clw = Zw Cz; LN Ci, Cw] wacij LA Cj/
C, = ZwB ZwAcA rocA Th= ZwAcA - C4, _w] = ZchA = Cf,

Cp = ZwBZwAcB L. cB, B = ZwAcB PP, Cyyi= ZchB L.k,

1w —

10 10 1 0
C= (7 T) : Ci= ('n Fi> , 6= (v.j Fj> /
B I Bi. Ik ,3_]‘ Iy

1 0 1 0 1 0
CcA — <,),A FA) , Ch= <,y rA) , CJA = (%‘A I‘f‘) ,
B I

] 10 2P (S I I B¢
St G | A TR A N P B G I PN £
B I Bi. Ik Bi Ik

with y; = v +1n}, Vi =7+ 17]2, B, = B+ v}and Bj=pB+ vjz and similarly for T'; and T;. Then

Yl Dt (it + CH AR+ Cifi |~ [CV A+ CV P ] B0 (74)
i j -
Yl |[Cp i+ CEE O — [+ Ch P rcaf] Lo )
Yol [Cff+CEfE+ | — |+ PR Cif] Do (76)
l _
where ff =Y, wB fil and fB = w]A ]lf
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Equations (I5)—(T7) change to

Zi—-B,Di — |CMfAchfE4Cf] Lo
Zu—ByDi — |CMft+CPfF+cafi] Lo
Zip—BuDi — [chfr+cli+cn] Lo

and equations (24)—(2) change to

af = (cfic) cf

ah = —(chcr) chlch (af+ab) +cia]
4 = (i) o
AR = - (C]BC]B’) P [c;‘“ (Ag‘ + A{‘) + c]’-A}

(77)
(78)

(79)

(80)
(81)
(82)

(83)

The derived matrices (A, Al‘.g, Aﬁ Al%, Aﬁ) for the different multi-factor error structures

are somewhat different from those derived in Section BJl. However, the implied proxies are

unchanged.
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